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A comprehensive linear acoustic analysis of the main combustion chamber of an oxidizer-rich staged combustion

engine is presented. The theoretical basis is an acoustic wave equation derived from the conservation equations that

characterize unsteady flow motions in the chamber. The physical model mimics the RD-170 main combustion

chamber and includes all the geometric details, including the upstream flow distributor, oxidizer plenum, injector

assembly, andmain chamber. Damping effects associated with the flow distributor plate and injectors are accounted

for by means of impedance boundary conditions. Acoustic communication between the main chamber and oxidizer

manifold via the injector assembly is found to be significant. Acoustic waves excited in the main chamber propagate

upstreamand interact with the oxidizer dome, where they are partially damped by the flowdistributor. The influence

of baffle injectors on the chamber acoustic behavior is also studied. It is found that the largest contributor to damping

is increased transport of acoustic energy out of the domain due to advective mean flow effects.

Nomenclature

c = speed of sound
D = acoustic dipole sources
F = fluctuating interphase momentum transfer, due to phase

change and drag forces
k = wave number, Ω∕ �c
M = acoustic monopole sources
n = inner unit normal vector of chamber wall
P = fluctuating energy release due to combustion, work done

by condensed phase, energy transfer due to phase change
p = pressure
T = acoustic transmission coefficient
R = acoustic reflection coefficient
Re = Reynolds number
Stω = Strouhal number
u = velocity vector
uc = bias flow velocity
Z = acoustic impedance, p 0∕�u 0 ⋅ n�
γ = ratio of specific heats
ψ�x� = mode shape of chamber normal mode
η�t� = time-dependent amplitude of chamber normal mode
Ω = complexeigenfrequency,ω� iα (ω � angular frequency

of oscillation, α � growth rate)
θ = angle between incident wave and boundary surface
χ = Rayleigh conductivity of flow distributor orifice,

2R�γ − iδ� (γ � resistive component, δ � reactive
component, R � orifice radius)

Superscripts

− = averaged quantity
0 = fluctuating quantity
^ = complex amplitude

I. Introduction

T HE development and operation of propulsion engines are
hindered by the occurrence of combustion instabilities. These

large-amplitude self-excited acoustic oscillations have negative
effects on engine performance and lifetime, and in extreme cases
may cause catastrophic failure. A considerable body of research has
emerged that treats instability problems in devices such as gas
turbines [1], ramjets and scramjets [1], ramjets and scramjets [2–5],
solid propellant rocket motors [6,7], and liquid-fueled rocket engines
[8,9]. Nonetheless, accurate and consistent a priori prediction of the
occurrence of combustion instabilities remains a difficult task. The
purpose of this paper is to develop an integrated analytical/numerical
modeling framework for acoustic instabilities in themain combustion
chamber of an oxidizer-rich staged combustion (ORSC) engine. Such
engines have recently received much attention for use in heavy-lift
launch vehicles [10]. The present work represents the first attempt to
conduct a comprehensive analysis of the entire combustion chamber,
including all geometric details.
Liquid rocket engines may broadly be categorized according to

the thermodynamic cycle they employ to drive their propellant
turbopump assembly [11]. Three common types of engine cycles are
expander, gas generator, and staged combustion. In an expander cycle,
no combustion takes place before the propellants enter the thrust
chamber. The fuel is heated and expands as it is circulated around the
outside of the thrust chamber. In a gas generator cycle, a fraction of the
propellants is burned before entering the main combustion chamber
and used to drive the turbopump before being exhausted into the
diverging portion of the exit nozzle. This allows for higher pressure
head to drive the pump system relative to the expander cycle. In a
staged combustion cycle, a larger fraction of the propellants is
combusted in one ormore preburners before being passed through the
turbine. This may be done in either fuel- or oxidizer-rich mode. The
turbine exhaust is then delivered to the main combustion chamber,
where it is burnedwith the portion of the propellants that bypassed the
preburner. Staged combustion engines possess numerous advantages
over designs employing the other two cycles, in particular lower gas
temperatures entering the turbine, and higher chamber pressures.
High pressures generally have the effect of increasing the overall
efficiency and specific thrust of the engine. Furthermore, ORSC
engines exhibit little to no coking or soot formation. However, staged
combustion engines are typically heavier andmore complex than their
gas generator and expander cycle counterparts. The added complexity
coupled with high pressure make designing staged combustion
engines more challenging than designing engines using the other
cycles. TheRussian RD-170, shown schematically in Fig. 1, is a well-
known example of an ORSC engine [10–13], and is used throughout
the present work as a case study.
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Combustion instabilities result from a resonant coupling between
heat release and flow motions within a chamber. In a real combustion
device, low-amplitude intrinsic fluctuations exist in the form of
turbulence and broadband acoustic noise. As the flame is perturbed by
these fluctuations, the heat release rate is modulated. According to
Rayleigh’s criterion [14], if the relative phase between the unsteady
heat release rate and the acoustic pressure is within 90 deg, then energy
will be transferred to the acoustic field. If more energy is added than is
radiated away or dissipated internally, the acoustic waves will grow
until eventually limited by nonlinear processes. At this point, the
system is said to have attained a limit cycle. The final state typically
consists of large-amplitude acousticoscillations concentrated innarrow
bands about one or more of the natural frequencies of the chamber.
Nonlinear processes also play a role in a type of behavior known as

triggered instability [15–18]. In this case, the system is stable with
respect to all perturbations below some threshold amplitude. Pulses
above this amplitude may cause the system to transition to a limit
cycle. Another related effect arises from the non-normality of the
differential equations governing the unsteady flow quantities. Even
when the system possesses no unstable eigenvalues, transient growth
of infinitesimal pressure disturbances may occur [17,18]. If the
amplitude of these oscillations grows large enough that nonlinear
effects become important, the system may be triggered. It is thus
conceivable that even a completely linearly stable system may
spontaneously transition to a limit cycle. Determination of nonlinear
stability behavior is a considerable challenge and will be treated in
future work. The present paper focuses on linear acoustic analysis,
which is a fundamental problem and forms the basis of many
nonlinear formulations [15,16,19,20].
Strategies for predicting combustion instabilities vary on a

continuum from purely analytical to purely numerical. Several linear

stability analyses have been developed, such as the now classic
formulations of Crocco and Cheng [21] and those collected in the
volume by Harrje and Reardon [22], as well as the more modern
Galerkin projectionmethod of Zinn and Powell [23] as well as that of
Culick and collaborators [24,25]. In the latter framework, the
unsteady pressure and velocity fields are approximated as a Fourier
synthesis of the chamber normal modes ψ�x�, weighted with time-
varying coefficients ηn�t�. A spatial averaging procedure is applied to
extract a set of coupled ordinary differential equations governing
the time evolution of the modal amplitudes ηn�t�. Ultimately, an
expression for the complex growth constant associated with each
physical process can be derived in the form of surface or volume
integrals of the unperturbed chamber modes. While physically
illuminating, the necessary integrals arising in the scheme can
be evaluated exactly only for simple canonical geometries and
flowfields. On the other end of the modeling spectrum is a purely
numerical treatment. The complete set of governing equations is
solved over the domain, thus automatically accounting for all
possible physics with minimal modeling. This remains an extremely
computationally expensive task, to the extent that it may not be
practical to run a sufficient number of cases during the design stage of
an engine. A general strategy that has emerged as an optimum
solution between these two extremes is to numerically compute the
acoustic field within a chamber by solving linearized perturbation
equations, with all processes affecting acoustic damping or driving
being modeled either by theories or more detailed computations.
Several methods are available in the literature, including formulations
based on linearized Euler equations [26], acoustic perturbation
equations [27], and the Helmholtz equation [28–30].
In the present work a numerical eigenvalue analysis is conducted

directly on the general acoustic wave equation, incorporating all
geometrical details, and source terms arising from volumetric and
boundary effects. The commercial finite-element code COMSOL is
employed to carry out the calculations. Similar approaches have
recently been adopted by several researchers [29,30], but with varying
levels of approximation. Further, only limited physics are incorporated.
Almost all previous analyses of liquid rocket combustion stability

consider a domain consisting only of the main chamber downstream of
the injector face plate. Ad-hoc assumptions are made for upstream
boundary conditions. For example, Pieringer et al. [27] assume that the
fluctuating mass flow rate vanishes at the injection plane. This is
equivalent to specifying a choked flow, a questionable assumption for
most liquid rocket engine injectors. Schulze and Sattelmayer [31]
correctly note that coupling with feed system components, such as the
injectors and propellant manifolds, may introduce significant additional
damping and/or driving effects and must be incorporated in a more
comprehensive manner. However, they account for the coupling by
means of a scattering matrix, which is assumed to be identical for all
injectors. In the present work, no such assumption is made because the
entire gas volume consisting of the main chamber, injectors, and
oxidizing gas manifold is included in the domain of a single eigenvalue
analysis. The approach also eliminates the need for separate
determination of scatteringmatrices from either theory or computations.
Figure 1 shows a schematic of the main combustion chamber of an

ORSC engine using oxygen and kerosene as propellants similar to
the well-studied RD-170 engine [10–13]. As shown, oxidizer is
introduced through the upstream flow distributor, whereas fuel is
introduced separately into the injector manifold. Two types of
injector elements are used, respectively, referred to asmain and baffle
elements. Baffle elements are so called because they are offset axially
from the main injector elements so as to form baffle compartments.
The cutaway view in Fig. 2 shows the differences in configuration
between the two element types.
Baffles have proven to be an effective passive method for

stabilizing acoustic motions in combustion chambers [32–34].
A typical baffle arrangement consists of rigid radial and/or
circumferential plates protruding perpendicularly from the injector
plane. Wicker et al. [32] and You et al. [34] performed a thorough
theoretical and numerical examination of three-dimensional
chambers possessing radial and circumferential baffles. Acoustic
waves become longitudinalized within the baffle compartments, and

Fig. 1 a) Main combustion chamber of ORSC engine. b) Longitudinal
cutaway of chamber. Adapted from Yang et al. [10].
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this may inhibit driving processes near the injector face that are
sensitive to transverse pressure and velocity variations. Also, the

addition of baffle blades reduces the frequency of oscillations by
increasing the effective acoustic path length. Depending on the

frequency spectrum of the combustion response, this may have
either a stabilizing or destabilizing effect. Finally, it was noted that

concentration of acoustic pressure occurs near the baffle tips, which
may potentially destabilize the system. The effect of baffles is

mainly geometric, and can be incorporated directly in the present
formulation. Further description of the acoustic treatment of the flow

distributor plate, nozzle, and injector manifold will be given in
subsequent sections.
At the entrance to the oxidizing gas manifold is a distributor plate

perforated with flow orifices. This component acts essentially as an

acoustic liner. Such liners have been used widely in gas turbines and
other devices to damp acoustic waves, and the theory describing their

damping characteristics is well developed [35–37]. The mechanism
of sound absorption may be described as follows. Acoustic waves

incident on an orifice cause periodic shedding of vortices from the
orifice rim. Some portion of the total incident energy is reflected,

some transmitted, and some converted to the kinetic energy of the
vortices. Unless the vortices impinge on a downstream obstacle and

generate additional acoustic waves, they will eventually become
incoherent turbulence. The magnitude of acoustic damping increases

significantly in the presence of bias flow. The reflective properties of
a single orifice may be quantified by the Rayleigh conductivity

[35,37], which is defined as the ratio of the unsteady volume flux
through the orifice to the applied unsteady pressure load. Assuming

that the orifices are spaced widely enough that their shear layers do
not interact (which is equivalent to specifying a low effective

porosity), then the liner may be treated as a homogeneous compliant
surface whose impedance can be built up from the impedance

associated with each individual orifice.

The injectors themselves may provide a large amount of acoustic
damping from a variety of mechanisms. As in the flow distributor,
periodic vortex shedding is potentially significant, both at the inlet
and outlet orifices. Of concern also is the direct visco-thermal
dissipation of acoustic energy within the thin acoustic boundary
layer. For a given frequency, the former dominates in the lowStrouhal
number (high amplitude) regime, whereas the latter dominates in
the high Strouhal number (low amplitude) regime. The classical
Kirchoff-Stokes theory [36,38,39] can be used to characterize these
viscous losses in the case when the acoustic boundary layer is much
thinner than themean flow turbulent boundary layer. Thismechanism
is nominally present at all solid surfaces within the combustor, but
may be particularly pronounced within the injectors both due to the
large total surface area and the larger gradients in acoustic velocity.
Searby et al. [29] incorporated this laminar dissipationmechanism by
calculating an equivalent impedance and applying it as a boundary
condition at the entrance plane of the resonator. An experimental
investigation of injector damping by Lympany and Ahuja [40]
incorporated viscous acoustic dissipation, but concluded that the key
absorption mechanism for their rig was wave cancellation due to the
coupling of acoustic modes between the injector and the surrounding
chamber.
This paper is organized as follows. In Sec. II, an inhomogeneous

wave equation characterizing acoustic oscillations is discussed, and
theoretical models for various damping processes are developed.
Section III presents results from a natural-mode analysis of the
RD-170 thrust chamber assembly, followed by results incorporating
the various damping processes in sequence. A discussion of the
relative importance of each damping mechanism is then provided,
along with suggestions for model improvements.

II. Methodology

A. Acoustic Wave Equation

Accounting for all the relevant physics in the two-phase reacting
flow within a liquid rocket engine combustor is a complex task. The
formulation originally established by Culick [24,41] begins with the
conservation equations for mass, momentum, and energy written for
both the gas and condensed phases in an idealized two-phase flow.
Mass and momentum transfer due to phase changes are taken into
account by source terms in the corresponding conservation equations.
The mass-fraction equations for individual chemical species are not
explicitly included in the formulation. Heat release due to combustion
is accounted for as a source term in the energy equation, where it is
assumed that a suitable reduced-order model may be obtained for this
quantity. These equations are rearranged into a single set describing an
equivalent gaseous system whose material properties are mass-
weighted averages of those for the two phases present in the original
system.
From the linearized conservation equations, the following

generalized wave equation in the acoustic pressure is derived:

1

�ρ �c2
∂2p 0

∂t2
−
1

�ρ
∇2p 0 � −M� 1

�ρ
∇ ⋅D (1)

where the source terms have been collected into monopole sources,
given by

M� 1

�ρ �c2

�
�u ⋅∇

∂p0

∂t
� �γ

∂p 0

∂t
∇⋅ �u�∂�u0 ⋅∇p 0�

∂t
� �γ

∂�p 0∇⋅u0�
∂t

−
∂P 0

∂t

�

(2)

and dipole sources, given by

D � �ρ� �u ⋅ ∇u 0 � u 0 ⋅ ∇ �u� �
�
�ρu 0 ⋅ ∇u 0 � ρ 0 ∂u

0

∂t

�
−F 0 (3)

The boundary condition for Eq. (1) is obtained by taking the
normal component of the momentum equation

Fig. 2 Cross sections of a) main injector element and b) baffle injector
element. Adapted from Yang et al. [10].
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−
1

�ρ
�n ⋅ ∇p 0� � n ⋅

∂u 0

∂t
� n ⋅ � �u ⋅ ∇u 0 � u 0 ⋅ ∇ �u� u 0 ⋅ ∇u 0�

� n ⋅
�
ρ 0 ∂u

0

∂t

�
� n ⋅F 0 (4)

The groups P 0 and F 0 are not shown explicitly but, respectively,
include contributions from chemical heat release and interphase
momentum transfer. The terms contained in M are analogous to
acoustic monopoles. Likewise the purely vector terms in D are
analogous to acoustic dipoles. There may also be second-order tensor

terms that physically represent fluctuating shear stresses due, for
example, to turbulence. These terms, analogous to quadrupole sources
in classical acoustics, are neglected in this analysis. The radiation
efficiency of such sources is uniformly small for the frequency range
considered. It should be noted that combustion, although not
considered in detail in this work, is generally incorporated as a
monopole source.
Because the present analysis is concerned with linear stability, all

second-order terms in Eqs. (1–3) are discarded. We assume that the

unsteady pressure and velocity vary harmonically as p 0 � p̂eiΩt and
u 0 � ûeiΩt, respectively, where p̂ and û represent complex spatial
amplitudes. The complex frequency is expressed as Ω � ω� iα.
Note that this sign convention implies eiΩt � eiωte−αt, such that a
positive value for the growth constant indicates a damped wave.
Neglecting chemical source terms and two-phase coupling terms,

−
1

�ρ

�
Ω2

�c2
p̂� ∇2p̂

�
� −

iΩ
�ρ �c2

� �u ⋅ ∇p̂� �γ p̂∇ ⋅ �u�

� ∇ ⋅ � �u ⋅ ∇û� û ⋅ ∇ �u� (5)

−
1

�ρ
�n ⋅ ∇p̂� � iΩ�n ⋅ û� � n ⋅ � �u ⋅ ∇û� û ⋅ ∇ �u� (6)

Introducing the acoustic impedance Z ≡ p̂∕�n ⋅ û�, the boundary
condition (6) may be expressed as

−
1

�ρ
�n ⋅ ∇p̂� � �iΩ� �u ⋅ ∇� n ⋅ ∇ �u ⋅ n� p̂

Z

which is equivalent to the boundary condition of Myers [42]. In this
form, it is capable of describing an impedance surface over which
there is a spatially nonuniform slip velocity.
In the present study, we consider a simplified model for the mean

flow. We impose a uniform, purely axial flow in each region, with

velocity magnitudes determined from the mass flow rates specified
by the RD-170 design. With this specification, only a single
monopole term survives from (5), leaving

−
1

�ρ

�
Ω2

�c2
p̂�∇2p̂

�
� −

iΩ
�ρ �c2

�u ⋅ ∇p̂ (7)

Finally, in the absence of mean flow, the system reduces to

−
1

�ρ

�
Ω2

�c2
p̂� ∇2p̂

�
� 0 (8)

subject to the boundary condition

−
1

�ρ
�n ⋅ ∇p̂� � iΩ

p̂

Z
(9)

For solid walls with Z → ∞, the classical Helmholtz equation for
the normalmodes of a chamber is recovered. Equations (8) and (9) are
used to compute the chamber eigenmodes, while Eqs. (7) and (9) are
used to compute the acoustic mode in the presence of the imposed
mean flow. The effects of different source terms and boundary

conditions are then explored systematically.

B. Gas Properties

The GOX manifold and injectors are assumed to contain only

oxidizer, whereas the main combustion chamber is assumed to

contain only the equilibrium products of combustion at the adiabatic

flame temperature (all conductive heat losses from chamber walls are

ignored). The liquid fuel used is RP-1 kerosene, a mixture of various

hydrocarbons with an overall ratio of hydrogen to carbon atoms of

approximately 1.9423. For simplicity,C12H24 (dodecane), which has

comparable thermophysical properties, may be used as a surrogate

fuel [43]. Correlations for the specific heat capacity, sensible

enthalpy, and other quantities used in the equilibrium calculation can

be found in thework of Svehla [44]. The calculated gas properties are

given in Table 1. The temperatures in the preburner and main

chamber are taken as spatially uniform.

C. Nozzle Impedance

The analysis includes the entire converging portion of the nozzle.

An impedance conditionmust be applied at the sonic plane.Of central

interest in this study are the lowest transverse (1Tand 2T)modes. Bell

andZinn [45] andZinn et al. [46] conducted theoretical andnumerical

studies of the acoustic admittances of liquid rocket thrust chamber

nozzles formixed longitudinal-transversemodes, and found that both

the real and imaginary parts of the admittances are close to zero. The

nozzle essentially behaves like an acoustically rigid boundary.

D. Flow Distributor Impedance

At the entrance to the GOX chamber is a flow distributor, as shown

in Fig. 3. This structure serves mainly to ensure that the GOX flow

Table 1 Gas properties at chemical equilibrium conditions for
RD-170 engine

Parameter GOXmanifold Main chamber

O∕F ratio 52.31 2.60
Equivalence ratio 0.066 1.32
Temperature, K 687.7 3676.1
Pressure, bar 270 245.5
Heat capacity ratio 1.33 1.2
Enthalpy, kJ∕kg −463.31 −1644.54
Entropy, kJ∕�kg ⋅ K� 5.876 10.64
Constant pressure heat capacity, J∕�kg ⋅ K� 1056.40 2035.65
Specific gas constant, J∕�kg ⋅ K� 260.56 343.43
Molecular weight, g∕mole 31.91 24.21
Density, kg∕m3 150.70 19.45
Sound speed, m∕s 487.5 1231.9
Kinematic viscosity ×10−6, m2∕s 0.243 5.26
Thermal conductivity,W∕�m ⋅ K� 0.048 0.290
Thermal diffusivity ×10−6, m2∕s 0.3 7.32

Fig. 3 Flow distributor plate from RD-170 engine. Adapted from Yang
et al. [10].
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entering the injector manifold is relatively uniform, and it offers the

additional benefit of damping incident acoustic waves. The irregular

spatial arrangement of orifices and the curvature of the plate

complicate the acoustic analysis. It is assumed that the radius of

curvature of the plate is large relative to an acoustic wave length,

such that it can be considered approximately planar. Each orifice of

radius R is separated by a distance d from its closest neighbors as

shown in Fig. 4. A bias flow of an average velocity uc traverses each
orifice.
The plate is assumed to be infinitesimally thin, so that it is only

a matching interface between two otherwise unbounded regions.

Interrogation of this assumption by Jing and Sun [47] confirms that

the thickness of a liner may safely be neglected if the bias flowMach

number is sufficiently high. Let the acoustic field in the region x > 0,
p 0�, consists of an incident and reflected harmonic plane wave, and

the field in the region x < 0, p 0
−, consists of a transmitted plane

wave:

p 0��x; y; t� � �eik1x−ik2y �Re−ik1x−ik2y�eiωt (10)

p 0
−�x; y; t� � T eik1x−ik2yeiωt (11)

where k1 � k cos θ, k2 � k sin θ, and k � ω∕ �c is the wave

number. The fields obey the following matching conditions at the

plate [36]:

∂p 0
−

∂x

����
x�0

� N χ�p 0� − p 0
−�jx�0 (12)

∂p 0�
∂x

����
x�0

� N χ�p 0� − p 0
−�jx�0 (13)

where N is the number density of orifices on the plate, and χ is

the Rayleigh conductivity of an orifice. Enforcement of these

conditions on Eqs. (10) and (11) reveals

R � k1
k1 � 2iN χ

(14)

Note that only the component of the incident wave normal to

the screen participates is reflected. This may be related to the

impedance by

Z � 1�R
1 −R

�ρ �c

cos θ

to yield

Z

�ρ �c
� 1

cos θ
� kd2

iχ
(15)

where, for the square arrangement of orifices used in this

example, the number density has been expressed as N � 1∕d2.
Various physical models may be developed for the Rayleigh

conductivity. The classical model of Howe [35] produces a
conductivity of the form χ � 2R�γ − iδ�, where the functions γ
and δ depend on the orifice radius, bias flow velocity, and the
frequency of the incident acoustic wave in the following way:

γ � I1�kcR��1� �1∕kcR�� � �4∕π2�e2kcR cosh�kcR�K1�kcR�2�cosh�kcR� − �sinh�kcR�∕kcR��
I1�kcR�2 � �4∕π2�e2kcRcosh2�kcR�K1�kcR�

(16)

δ � �2∕πkcR�I1�kcR�K1�kcR�e2kcR
I1�kcR�2 � �4∕π2�e2kcRcosh2�kcR�K1�kcR�2

(17)

where I1 and K1 denote modified Bessel functions of order 1 of

the first and second kind, respectively, and kc � ω∕uc is a

convective wave number. The linearized theory that produces

these expressions is predicated on the assumption of a high

Reynolds number bias flow. In this case, the flow may be

approximated as inviscid in every region except an infinitely thin

cylindrical vortex sheet shed from the orifice rim. The functions γ
and δ are plotted in Fig. 5. Note the behavior in the two important

limits kcR → 0 and kcR → ∞. In the former case, which

corresponds to either low frequency or high bias flow velocity,

the conductivity approaches zero and the liner approximates an

acoustically rigid boundary. On the other hand in the high kcR

a)

b)

Fig. 4 a) Side and b) front views of idealized perforated plate model.

LIOI, KU, ANDYANG 1509

D
ow

nl
oa

de
d 

by
 G

E
O

R
G

IA
 I

N
ST

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

Ja
nu

ar
y 

8,
 2

01
9 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.B
36

87
8 



limit, which corresponds to either high frequency or low bias flow

velocity, χ → 2R as expected from classical potential theory [36].

The flow distributor plate considered here is perforated by orifices

of radius R � 3.5 mm, separated by an average distance of

d � 1.2 cm. A bias flow of average magnitude uc � 121.6 m∕s
traverses each orifice. Because only the normal wave components

participate in the reflection, attention is restricted to the case θ � 0.
The corresponding impedance computed from Eq. (15) is shown in

Fig. 6 over a 10 kHz frequency range. For frequencies less than about

4 kHz, the impedance is approximately constant. The liner, however,

behaves like a strongly reflective surface with phase delay at high
frequencies.

E. Injector Damping

For simplicity, the presence of any liquid film within the injectors
is ignored, and the volume is assumed to be filled entirely with
gaseous oxidizer. The two principal acoustic damping mechanisms
under consideration are 1) viscous damping of acoustic waves and
2) energy transfer from the acoustic to the vortical mode at inlet and
outlet orifices. The relative importance of these mechanisms may be
estimated in terms of the Strouhal number Stω � ωR∕û, where û is
the amplitude of the acoustic velocity andR is the injector radius [29].
If Stω ≫ 1, viscous dissipation dominates the damping. Figure 7
shows schematically the gas volumes enclosed by both main and
baffle injector elements. The main injection element includes a
portion of the gas volume within the countersunk bores on the
injector face.
An equivalent impedance can be derived for the injection surface

by taking into account viscous dissipation [36,39]. For a wave
incident at an angle θ, we have

Z

�ρ �c
� eiπ∕4

������
�c2

ων

r �
sin2θ� �γ − 1������

Pr
p

�−1
(18)

The factor eiπ∕4 � �1� i�∕ ���
2

p
indicates that both the real and

imaginary parts of the impedance are the same, and the phase is a
constant. Thus the amplitudemay simply be taken as either

���
2

p
RefZg

or
���
2

p
ImfZg. For the gas properties presented in Table 1, Fig. 8 shows

the frequency variation of the impedance.
The impedance remains high for the entire frequency range of

concern, and in particular jZj → ∞ as f → 0. In the presence of
viscous dissipation within the acoustic boundary layers, a variational
analysis incorporating Eq. (18) shows that the wave number for
quasi-plane waves propagating in a duct of radius R can be
expressed as

kv �
ω

�c
� e−iπ∕4

R

������
ων

�c2

r �
1� �γ − 1������

Pr
p

�
(19)

These results are valid provided the acoustic boundary layer
remains laminar. At high Reynolds numbers additional damping
may arise due to turbulence penetrating the acoustic boundary layer
[48,49], and in that case corrected damping models should be
employed.
We define a complex speed of sound �cv ≡ ω∕kv, and a complex

density ρv ≡ kvZ∕ω. Utilizing these gas properties in the computation

Fig. 5 Real and imaginary parts of Rayleigh conductivity as a function
of nondimensionalized wave number.

a)

b)

Fig. 6 Magnitude and phase of a) reflection coefficient and
b) normalized impedance of flow distributor plate.

Fig. 7 a) Main injector element dimensions. b) Baffle injector elements
(all dimensions in mm).
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accounts indirectly for the presence of viscous damping and
circumvents the numerical difficulties of direct application of
Eq. (18) to the injection surface.

III. Results and Discussion

A. Normal Acoustic Modes

As a baseline, the normal acoustic mode shapes and frequencies of
the main combustion chamber of the RD-170 engine are determined
by an eigenvalue analysis of the system (8) and (9) with rigid
boundaries (Z � ∞). The first tangential (1T) and second tangential
(2T)modes are known to dominate, and so are the focus of the present
results [9]. Figures 9–15 show results for these modes, for both

baffled and unbaffled injectors. Because the amplitudes in a linear
analysis are arbitrary, in all figures the pressure and velocity
amplitudes have been suitably normalized to unity. Also, note that
different cross sections of the chamber are used to display different
modes. This is because the spatial orientation of the transversemodes
does not correlate with one another and so different cross sections
must be chosen to display the antinodes in each case. The calculated
natural frequencies are listed in Table 2.
The addition of baffles slightly decreases the frequency of

oscillation, a result consistent with findings from previous studies.
For the chamber and injection geometries considered here, the
approximate formula of Dranovsky et al. [9] predicts a decrease of
about 1% in the natural frequency with the addition of baffles, in
reasonable agreement with the results in Table 2.
The acoustic waves are longitudinal within the injectors, with their

amplitude attaining a maximum value. The waves become slightly
longitudinalized within the baffle compartments, and acoustic
pressure is more concentrated near the injector plane for the baffled
configuration. A similar observation was made by You et al. [34] in
the study of acoustic waves in baffled combustors.
The baffled and unbaffled model geometries in Figs. 9a and 9b,

respectively, are oriented identically in space, as are those in Figs. 12a
and 12b. The addition of baffles alters the preferred spatial orientation
of the acoustic mode for both the 1T and 2T modes. A more detailed
study of this phenomenon, including the dynamics of spinning
acoustic waves in baffled combustion chambers, is needed.

B. Flow Distributor Damping

Equation (15) can be expanded to render an explicit function of
frequency and used as a boundary condition. This approach,
however, is cumbersome for an iterative solver. Instead, nominal
constant values of the impedance based on the natural frequencies are
determined in advance and used as the boundary condition.
Equations (8) and (9), now with Z specified using the impedance
model (15), are solved. The values for the impedance are shown in
Table 3, along with the nominal eigenmode frequencies from the
previous section used as inputs to the impedance model. Table 4
shows the corresponding damped eigenvalue results. Note that in
reality the oscillation frequency and boundary conditions are
mutually dependent on each other; the problem is coupled and must

Fig. 9 Pressure isosurfaces for the 1T (1881 Hz) mode: a) unbaffled
configuration; b) baffled configuration.

Fig. 10 Pressure and velocity fields of first (1T) tangential modes at
maximum longitudinal cross section: a) unbaffled configuration;b) baffled
configuration.

Fig. 8 Equivalent impedance of acoustic boundary layer Z∕�ρ �c as seen
by plane waves at grazing incidence.
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be solved iteratively. The change in frequencydue to damping effects,
however, is generally negligible, and the errors introduced by fixing
an impedance value are expected to be small. Figures 16–18 show
the acoustic pressure and velocity fields of the first and second
tangential modes for the rigid and impedance boundary conditions,
respectively. For brevity, only the longitudinal cross sections are
presented. No discernible difference in the mode shape between the
two different boundary conditions is observed.
The damping of the 2T mode is noticeably less than that of the 1T

mode. This is attributable partially to the frequency dependence of
the impedance, and partially to the nature of transverse oscillations in
the oxidizer manifold. Owing to the small axial extent of the oxidizer
plenum, the higher-order transverse oscillations translate to a lower
average angle of incidence between the incident waves and the
distributor plate.

C. Injector Damping

As described in Sec. II.E, the Strouhal number ωR∕û is used to
estimate the damping mechanism within injectors. The acoustic
velocity is selected by assuming that the acoustic pressure p̂ is 1%
of the mean pressure, a condition valid for a linear acoustic analysis.
Tables 5 and 6 present some relevant flow variables for both
injectors. Gas properties are taken from Table 1, where needed.
Note that the Mach number remains small throughout the

injector except in the thin inlet orifice. The Strouhal numbers
exceed unity over the entire injector, which suggests that for small

amplitudes within the linear acoustic regime, viscous dissipation
dominates the acoustic damping of the injectors. The situation
may become different when oscillations become so strong that the

Fig. 11 Axial cross sections of pressure and velocity fields for first
tangential (1T) mode (all dimensions in mm).

Fig. 12 Pressure isosurfaces for second tangential (2T) mode:
a) unbaffled configuration; b) baffled configuration.

Fig. 13 Pressure and velocity fields of second tangential (2T) mode at
0° longitudinal cross section: a) unbaffled configuration; b) baffled

configuration.
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energy transfer from the acoustic to the vortical mode prevails.
Under that condition, both viscous dissipation and acoustic-
viscous interaction should be considered to account for the
acoustic damping of injectors.
In the present analysis, an impedance model for laminar viscous

dissipation is implemented. Such an impedancemodel was applied in
Searby et al. [29] to account for the viscous damping within a
resonator bank; it was applied as a lumped resistive layer at the
entrance plane of the bank. In the current study, the injectors are
included as part of the computational domain, and the impedance is
applied along the interior surface of the injector. Further, only
longitudinal acoustic motions are expected in the injectors because
the radius is small. The impedance (18) is thus specified to the case
θ � 90°. Table 7 gives the values employed for the equivalent
density and speed of sound based on the normal frequencies of
the 1T and 2T modes, and Table 8 shows the effect on
frequency and growth rate. Figures 19–21 show the 1T and 2T
mode shapes resulting from the solution of Eqs. (8) and (9)
with the indicated gas properties for cases with and without
injector damping.
Again the damping of the 2T mode is lower than that of the

1T mode. However in this instance, the effect of frequency
dependence predominates. Because the viscous damping is applied
only within the injectors, and because in all cases the acoustic
motions are completely longitudinalized in this region, there is
unlikely to be a significant difference associated with acoustic mode
shape. Increasing the length of the injectors would straightforwardly
increase the damping by virtue of the larger surface area over which
the viscous stresses act. However, this would potentially come at
the expense of reduced injector performance due to unwanted flow
losses.

D. Mean Flow

The effects of mean flow are examined by specifying a uniform,
axial flow speed U. All solid surfaces are specified as acoustically
closed (Z → ∞), so as to isolate the effects of mean flow, rather than
to elucidate the coupling of mean flow with impedance surfaces.
Thus, the eigenmode problem is now governed by Eqs. (7) and (9).

The mean flow velocity U is applied piecewise with three nominal

values: 17.63 m∕s in the oxidizer dome, 93.4 m∕s within the

injectors, and 326.9 m∕s in the main chamber, in accordance with

the flow conditions in the RD-170 engine. These values were

determined based on mass flow rate analysis for the RD-170.

Figures 22–24 show the 1T and 2T modes of acoustic pressure and

velocity for cases with and without mean flow effects. Table 9 gives

Fig. 14 Pressure and velocity fields of second tangential (2T) mode at
90° longitudinal cross section: a) unbaffled configuration; b) baffled
configuration.

Fig. 15 Axial cross sections of pressure and velocity fields for second
tangential (2T) mode (all dimensions in mm).

Table 2 Normal frequencies (Hz) of RD-170

main combustion chamber

Mode Unbaffled Baffled

1T 1908 1881
2T 3217 3152

Table 3 Nominal flow-distributor
impedances applied for each mode

Mode Frequency, Hz Normalized impedance

1T 1880 2.624 − 0.365i
2T 3150 2.569 − 0.667i
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the calculated frequencies and damping coefficients of the acoustic

oscillations.

The damping provided by the mean flow appears to be

significantly larger than other effects. The damping coefficient

increases from6.6 to 32.4 for the 1Tmode and from1.8 to 53.5 for the
2T mode, as compared with the contributions from the flow
distributor. The oscillation frequency is slightly reduced from the
no-flow case, in qualitative agreement with modal theories [50,51].
The large damping resulting from the mean flow may be attributable
to convective losses of acoustic energy. Even in the case of a perfectly
reflective exit plane (such as that employed here), acoustic energy is
convected out by themean flow, and the acoustic energy in the system
is reduced.
This effect may be further explained with a calculation for an

analogous cylindrical chamber. Consider a chamber of radius Rwith
a uniform mean flow of Mach number M. The pressure and axial
velocity fields may be constructed as superpositions of known eigen-
solutions as follows

p 0�x; r;θ; t� � eiΩt
X∞
n�−∞

X∞
m�0

Jn

�
αnmr

R

�
einθ

�
P�
nme

ik�nmx �P−
nme

ik−nmx
�

(20)

u 0�x; r; θ; t� � −
1

�ρ �c
eiΩt

X∞
n�−∞

X∞
m�0

Jn

�
αnmr

R

�

× einθ
�
P�
nmk

�
nme

ik�nmx

k�Mk�nm
� P−

nmk
−
nme

ik−nmx

k�Mk−nm

	
(21)

where Jn denotes the Bessel function of the first kind of order n, αnm
the mth root of J 0

n�r�, and

k�nm � kM∓
�������������������������������������������������
k2 − �αnm∕R�2�1 −M2�

p
1 −M2

The power transmitted axially by the acoustic field is given by the
area integral of the axial acoustic intensity over the cross-sectional
area of the chamber:

P �
Z
S
hI ⋅ exi dS

Fig. 16 First tangential (1T) mode shapes of acoustic pressure and
velocity 0° longitudinal cross section for a) rigid and b) impedance flow
distributor boundary conditions.

Fig. 17 Second tangential (2T) mode shapes of acoustic pressure and
velocity 0° longitudinal cross section for a) rigid and b) impedance flow
distributor boundary conditions.

Fig. 18 Second tangential (2T) mode shapes of acoustic pressure and
velocity 90° longitudinal cross section for a) rigid and b) impedance flow
distributor boundary conditions.

Table 4 Effect of flow distributor impedance on
frequency and damping coefficient

Mode Mode frequency, Hz Damped frequency, Hz

1T 1880 1886� 6.6i
2T 3150 3151� 1.8i
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Using the expressions for pressure and velocity, this ultimately

yields

P � πR2

�ρ �c
�1 −M2�2

X∞
n�−∞

Xm0

m�0

Jn�1�αnm�2

× σnm

� jP�
nmj2

�1 −Mσnm�2
−

jP−
nmj2

�1�Mσnm�2
	

(22)

wherem0 denotes the number of cut on modes. The nondimensional

group σnm is defined as
�������������������������������������������������
1 − �αnm∕kR�2�1 −M2�

p
. Residual

contributions from coupled evanescent modes are omitted.
Let us consider the contribution for a single arbitrary mode. We

retain the only contribution of the downstream propagating wave, as

this is the component that transmits acoustic energy out of the

domain:

�ρ �cPnm�M�
R2jP�

nmj2
� πJn�1�αnm�2

�1 −M2�2
�������������������������������������������������
1 − �αnm∕kR�2�1 −M2�

p
�1 −M

�������������������������������������������������
1 − �αnm∕kR�2�1 −M2�

p
�2

Forming the ratio Pnm�M�∕Pnm�0� eliminates the remaining

nondimensional scaling factor and allows for easier interpretation:

Pnm�M�
Pnm�0�

� �1 −M2�2
�������������������������������������������������
1 − �αnm∕kR�2�1 −M2�

p
�������������������������������
1 − �αnm∕kR�2

p
�1 −M

�������������������������������������������������
1 − �αnm∕kR�2�1 −M2�

p
�2
(23)

which shows a monotonic increase in downstream energy

transmission with increasing Mach number.
Because of the nonuniform cross section of the RD-170 main

chamber and the coupling effects with upstream components,

this calculation cannot be taken as exact. As the flow traverses

the chamber, the decrease in area causes acceleration that

Table 5 Dimensions and flow parameters
for main injector element

Axial location R, mm Stω (1T) Stω (2T)

Inlet orifice 4.00 4.50 7.54
Main passage 5.50 6.19 10.38
Diverging outlet 1 6.00 6.75 11.32
Diverging outlet 2 8.87 9.98 16.73

Table 6 Dimensions and flow parameters
for baffle injector element

Axial location R (mm) Stω (1T) Stω (2T)

Inlet orifice 3.50 3.94 6.60
Main passage 5.00 5.63 9.43
Second passage 6.50 7.32 12.26

Table 7 Equivalent gas properties used for characterizing
injector damping

Mode
Frequency

(Hz)
Complex density
ρv ⋅ �kg∕m3�

Speed of sound
cv (m∕s)

1T 1880 32.3 − 0.785i 487.3
2T 3150 25 − 0.785i 487.34

Fig. 19 First tangential (1T) mode shapes of acoustic pressure and
velocity 0° longitudinal cross section a) with and b) without injector
damping.

Fig. 20 Second tangential (2T) mode shapes of acoustic pressure and
velocity 0° longitudinal cross section a) with and b) without injector
damping.

Table 8 Effect of injector damping on frequency
and damping coefficient

Mode Mode frequency (Hz) Damped frequency (Hz)

1T 1880 1868� 7.08i
2T 3150 3210� 3.14i
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culminates at the throat. Furthermore, additional effects may
arise due to acoustic refraction in regions with mean flow

gradients. The present work, however, does provide some
theoretical explanation for the increased damping due to mean
flow, and particularly the increase in damping of the 2T mode

over the 1T mode.

Fig. 21 Second tangential (2T) mode shapes of pressure and velocity
90° longitudinal cross section a) with and b) without injector
damping.

Fig. 22 First tangential (1T) mode shapes of pressure and velocity 0°
longitudinal cross section a) with and b) without mean flow.

Fig. 23 Second tangential (2T) mode shapes of acoustic pressure and
velocity 0° longitudinal cross section a) with and b) without mean flow.

Fig. 24 Second tangential (2T) mode shapes of acoustic pressure and
velocity 90° longitudinal cross section a) with and b) without mean flow.

Table 9 Effect of flow distributor impedance on
frequency and damping coefficient

Mode Mode frequency, Hz Damped frequency, Hz

1T 1880 1874 � 32.4i
2T 3150 3142� 53.5i
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IV. Conclusions

A linear acoustic analysis has been developed and applied to the
main combustion chamber of an ORSC engine. The work allows for
the treatment of geometric details andmean flow effects. As a specific
example, a combustion chamber similar to that of the RD-170 engine
was considered, including the upstream oxidizer plenum, flow
distributor, and injector assembly. This represents the most complex
realistic geometric configuration considered in such an acoustic
study to the authors’ knowledge. A theoretical model for acoustic
impedance based on unsteady vortex shedding at flow orifice rims
was specified as a boundary condition at the flowdistributor plate. An
impedance model was also derived for viscous damping of acoustic
waves within the injector assembly and incorporated into the model.
Results for the acoustic field indicate that communication between
the main chamber and oxidizer plenum affected by the injectors is
significant. Acoustic waves excited in the main chamber propagate
upstream through the injectors and interact with the oxidizer dome,
where they are damped by the flow distributor. The largest
contributor to damping is found to be mean flow. The phenomenon
can be attributed to the increased downstream acoustic energy
transmission.
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